Cint,free
Cext,free
Ky’

Ko'

Nadd
Nint,free
Nint,bound
Next, free
Next,bound

ntotal,bound
Pmt

Pc

Vmi(abs)
th(SpEC)
Vext

Xint,bound

Xext,bound

Mathematics for Mitochondrial Membrane Potential

free concentration of probe ion inside mitochondria
free concentration of probe ion outside mitochondria
apparent partition coefficient describing internal binding
apparent partition coefficient describing external binding
total amount of probe ions added to the system
free (in solution) amount of probe ions inside mitochondria

bound (in the membrane) amount of probe ions inside mitochondria
free (in solution) amount of probe ions outside mitochondria

bound (in the membrane) amount of probe ions outside mitochondria
total bound (in the membrane) amount of probe ions
total mitochondrial protein content (as a marker for mitochondrial membrane
content)
total cellular protein content (as a marker for cellular membrane and other material
content); note that the mitochondrial protein content is accounted twice: in Py and
in Pc, this may be partially justified: while the outside of the mitochondrial
membrane contributes to the external binding, the inside contributes to internal
binding. However, also the outside of the cell membrane contributes twice. There is
probably no numerical significance in this question, considering the low impact of
external binding at reasonable high membrane potentials
total mitochondrial volume in the system (chamber)
mass specific mitochondrial volume (per mass of mitochondrial protein)
external volume: total solution volume outside mitos
internal ,,binding ratio* (M. Brand), ratio of internally bound probe molecule to total
amount of probe molecules taken up by the mitos, see definition B1; 1- binding
correction factor (M. Brand)
external ,,binding ratio®, ratio of externally bound probe molecule to total amount of
probe molecules outside of mitos, see definition D1.

only required for the Rottenberg 1984 line of reasoning:
Rottenberg H (1984) Membrane potential and surface potential in mitochondria: uptake and
binding of lipophilic cations. J Membr Biol 81: 127-138.

Kmi

ai

(243

Vmemb,in

Vmemb,out

partition coefficient between liquid phase inside mitos and membrane phase inside
mitos, taking into account only different chemical affinity

partition coefficient between liquid phase outside mitos and membrane phase outside
mitos, taking into account only different chemical affinity

ratio describing probe ion distribution between liquid phase inside mitos and
membrane phase inside mitos taking into account only different electrical potentials;
assumed to be 1 for high enough salt concentrations

ratio describing probe ion distribution between liquid phase outside mitos and
membrane phase outside mitos taking into account only different electrical
potentials; assumed to be 1 for high enough salt concentrations

Volume of membranes taking part in binding of probe molecules from inside mitos
Volume of membranes taking part in binding of probe molecules from outside mitos



A.) Calculation of A¥:

C.
(Al) A T — E | [ int,free J
ZF c

ext,free
A2
( ) r]int,free
Cint,free — th (abS)
Cext,free Cext,free
(A3) Cint,free r]lnt free
Cext,free ext free’ V Eabs[

(A4) nint,free: nadd_ next,free_ nint,bound_ next,bound

A4 in A3

(A5) Cint,free — r]add_ next free nlnt bound next,bound
-V, [absC

ext,free ext free’

Following the Rottenberg 1984 approach, or go directly to A8:
(A6a) r]int,bound: K " O Vmemb in * Cint

(ABb) n =K_ -a, -V

extbound mo s} memb,out

-C

out

(A78) K @ Viemin = Ki - Py no P in Rottenberg 1984

(ATb) K, -a, -V =K, -P. no P in Rottenberg 1984

memb,out

AT in A6 OR just directly defining a empirical factor (K”) that describes binding

(A83.) r.lmtbound K P mtfree

(A8b) next bound ™ K P Cextfree

A8 in A5

(A9) Cint,free — r.]add _Vext,free * Lext,free K P |ntfree - Ko : PC 'Cext,free
ext,free Cext,free ' mt(abs)

bring all Cint free terms to left side

(AlO) c:int,free [1 K P ] Nogg _Vext ext,free Ko I:)C 'Cext,free

V., abs Cortre - Vi (2DS)

ext,free ext,free mi



rlght side: Separate Cext free @S COMMON term and cancel Cext free

nadd _V _ K' . PC
' ext 0
(All) Cintﬂ . [14_ Ki Pmt j — Cext,free

ext,free th abs th (abS)
A
because LC __A
1+~ B+C
B

M _Vext - Ko ’ Pc
(A12) Cint,free — Cext,free
Cext,free th (abS)+ K| . Pmt

Al2inAl

n dd '
: _Vext - Ko : PC
RT Cext,free

A13) 47 = =i |
(A13) ZF V., (abs)+K; P,

(A14) V,, (abs)=V,, (spec)- P,
Al4in Al3

n dd '
ai_vext — KO . PC
RT Cext,free

(A15) 4% = .1 |
ZF |V, (spec)- P, +K; -P,,




B.) Conversion internal ,,Binding Factor (M. Brand)“ to K;' (Rottenberg 1984)

For “binding factor (M. Brand)” see e.g.:
Brand M.D. (1995) Measurement of mitochondrial protonmotive force. In Bioenergetics A
Practical Approach (G.C. Brown, C.E. Cooper eds.) p. 39-62. Oxford University Press,

Oxford.
Definition:
n.
(B1) Xinpouna= Fbi = F(bound,in) =1 binding correction factor (M .Brand) = '””’J‘:’;‘]"
inthound int free
(A8a) Mintbound = KI ) Pmt “Cintree

(BZ) nint,free :th (abS)' C

int,free

A8aund B2 in B1

KI P - Cint free
(BB) Xint,bound: ' = e
Ki ' I:)mt ' Cint,free +th (abs)- C

int,free

(B4) Xintbound: ' Ki : Pmt
' K;-P,+V,(abs)

Aldin B4
(B5) Xintbound: ' Ki ‘ Prm
’ Ki : Pmt +th (SpeC)' Pm'f
K.
B6) x; = v ()
(B6) intbound K, +V., (speC)
or
(©7) K = Xosowns Ve (5P

1-x

intbound



C.) Error by neglecting internal binding; no external binding considered

C.
an =R [ ﬁ]
zF C

ext,free

from Al and A3

(C6) A= B0 gy Do
ZF { CopipeeVi (aDS)

ext,free

n

intbound

(B1) x o

mtbound

int,bound int,free

solve B1 for Nint bound

X ‘N,
_ “Mintbound int,free
(Cl) nmtbound 1—x

intbound

for only internal binding correction:
from A4 for n extpound = 0

(C2) r]int,free: nadd_ next,free_ nint,bound
ClinC2
(C3) — Xintbound ’ nint,free
=Ny —N -

n ext,free 1—x.

int,free
intbound

bring all nint free to left side
(C4) Ngg =N

_ ext,free
nint,free - X

1+

intbound

1-x

intbound

multiply with (1- Xint bound)
(C ) nlntfree _(nadd extfree) (1 Xlntbound)

C5in C6

(C7) 4% (corrected) = RT. In ( Madd ~ Mext,fee ( Intbound)
ZF ext freeV (abS)

for no binding correction at all:
- n —_ n
(C8) 4¥(simple)= RT. In| —2dd__extfree
z F Cext,freevmt (abS)

Influence of correction:
(C9) correction term A44¥ = A¥(corrected) — AP (simple)

C7and C8in C9



((nadd ~ Neytfree ) (1_ Xint,bound)j

Cextree Ve (QDS
(C10) correction term AAY = RT In tr t( )
" Mo~
Cext,freevmt (abS)
(C11) correction term AAY = % . In(l— Xintboun d) —constant for a given system if Vin(spec) = const,

see B6

Because the correction term for internal binding is a constant, differences between different AY
values do not depend on K;' (describing the internal binding correction).

Therefore differences between different measured AY values (AAY) can be considered absolute
values within the assumptions stated above.

Note the different use of AAY: a difference between two measured AY values in the conclusion and
a difference between corrected and uncorrected AY in the proof!



D.)Relation external ,,Binding Factor* to K,'

works mathematically, but does it make any sense ?

Definition:
nextbound

(D1) Xutpoung = FbO = F(bound,ext) = '

next,bound + next,free
(A8b) next,bound = Ko ’ PC ’ Cext,free
(D2) next,free = Cext,free 'Vext
A8b and D2 in D1
D3 x _ KO E PC ’ Cext,free

extbound — 1
KO 'PC : Cext,free +Cext,free 'Vext

D4 Xextbound = L
’ Ko "Pc +Vext
e.g. Rottenberg: for Pc= 2 (?) mg, Vex = 1500 pl, Ko' = 11.1 pl/mg — Xext pound = 0.015
for whole cells, Pc may be considerable larger, if Pc = 10 mg , otherwise equal conditions Xext bound =
0.068
for Oroboros: Pc = 3.36, Ko' =11, Vey = 3000 : Xext, bound = 0.012

E.) Calulation of K' from zero Psi Experiment

(E1) Ki =Ko =K'
(E2) Ay=0
(E3) Cext,free = Cint,free
n .

i_vext - KO ’ F)C

RT Cextfree
(A15) AW = . |n| = |

zF th (SpEC)' Pmt + Ki ’ F)mt

Eland E2 in A15

(E4) asg _Vext -K'- I:)C :th (SpEC)' I:)mt +K -P,

mt
ext,free

M _Vext _th (SpeC)' Pmt

. C
(E5)K — ext,free

Pmt + PC



Pt is still counted twice !

alternatively
analogous to

(A8a) r.lint,bound: KI ’ Pmt 'Cint,free

(E5) ntotal,boundz K : PC ’ Cext,free

(E6) ntotal,bound: nadd_ next,free_ nint,free

(E7) ntotal,bound = Ny _Vext ’ Cext,free _th (abS) Cint,free
E7in E5

(E8) K : PC ’ Cext,free = Nygq _Vext : Cext,free _th (abs)cint,free

_th (abS) ’ Cint,free

. on,—-V.-C
(E9) K add ext ext,free
PC ) Cext,free

using E4

n
c 2 _Vext _th (abs)
(ElO) K — ext,free

PC

n
Cﬁ _Vext _th (SpeC)- Pmt
(Ell) K — ext,free

Pe

Pmt now only counted once !

by the way:
x = a/(atb) — a = (x*b)/(1-X)



F Conversion Kamo / Rottenberg

A simple conversion of the binding correction factors published by Kamo in
Demura M, Kamo N, Kobatake Y (1987) Binding of lipophilic cations to the liposomal
membrane: thermodynamic analysis. Biochim. Biophys. A. 903 303-308

to the factors published in Rottenberg (1984) and used here.

Uy bound probe ion per mass membrane
A Langmuir parameter (maximal binding capacity)
K Langmuir parameter (dissociation constant)

n.
Fl U — int,bound
( ) ° Pmt

Langmuir isotherm
Ac

F2) U, =

(F2) U, K+c

A8a rearranged:

n.
(F3) Ki _ int,bound

Cint,free Pmt
F1inF3
(F4) Ki'= % =
Cint,free
ACint,free
K+c
(F5) KiI: int,free
int,free
(F5) Ky'= - —
K + Cint,free
For Cint free DelOW saturation effects (linear part of Langmuir plot):
(F6) K'=lim_ A~ _A

Cim.free‘)O K +C

int,free

K



G Beyond Mitochondria:
Measuring Cell Membrane Potential

The derivation given here follows the reasoning published by Saito 1992 but applying the
nomenclature used above whenever possible.
Saito S, Murakami Y, Miyauchi S, Kamo N (1992) Measurement of plasma membrane
potential in isolated rat hepatocytes using the lipophilic cation, tetraphenylphosphonium:
correction of probe intracellular binding and mitochondrial accumulation. Biochim.
Biophys. A. 1111 221-230.

Conditions:

1.) Two measurements: one under physiological conditions, one with abolished cell membrane
potential but unchanged mitochondrial membrane potential. Therefore the method to abolish
the cell membrane potential has to be carefully chosen, if the cell membrane is
permeabilized the used medium has to be compatible with undisturbed mitochondrial
function — the later point is not observed in Saito 1992,

2.) No binding outside of cell (to the outside of the membrane) assumed

Additional terms and terms with changed meaning

Ceyt.free free concentration of probe ion outside mitochondria, inside cytosol

Cext free free concentration of probe ion outside cells

A¥hito mitochondrial membrane potential

A¥en cellular membrane potential

Neyt free free (in solution) amount of probe ions outside mitochondria, inside cells
Neyt,bound bound (in the membrane) amount of probe ions outside mitochondria, inside cell

Gy v, =R m(c_fr]

mito
ZF Ccyt,free
RT C
(GZ) 4 -‘Pcell = -In yLlee
F Cext,free
JIF (4%
(Gza) Ccyt,free = Cext,free ‘€ ol
G2inG1
zF
~ = (AY o + AP e )
(G3) Cint,free = Cext,free e R ) '
Definition:
n +N. +Nn . .
(G4) Cipiapp = total bound V"“’ﬁee ar.free ( apparent internal concentration)

cell

(G5) Cint,enpp — ntotal,bound+ r]int,free + ncyt,free

ext,free Vcell : Cext,free
(G6) Cint,enpp _ nint,bound+ r]int,free + ncyt,bound + I(.]cyt, free
ext,free Vcell : Cext,free
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A8a and A8b in G6

(G?) Cint,app _ |ntfree KI I:)mt + Cmtfree (ab5)+ Ko : PC : Ccyt,free + Ccyt,freevcell
ext,free VceII : Cext,free
G3in G7
RT (Aylmm +A¥/cell ' - ZF cell
(G8) Cint,anpp — Cext,free ‘€ (Ki Pmt +th (abs)) + Cext,free : e (K P +Vcell)
ext,free VceII . Cext,free
Cancel Cext free, iSOlate A ¥
), T (a¥), :
(G9) Cintapp _ € (e * KiPy + Vi (@) + (K - P +V,))
ext,free Vcell
For A% = 0:
c (1) .
(GlO) int,app (O) — 1 (e K| I:)mt +V (abs)) + (Ko i I:)C cell))
ext,free Vcell
G10in G9
zF
(G11) S o) Soen (o)
ext,free ext,free
Cint,app
,E AP ) C
(G12) e RT( cell _ ext,free
C.
intapp (0)
ext,free
Cin'r,app
C
(G13) 4%, = EmLﬁee
ZF Cint,app (0)
ext,free
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